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A simple bend test and associated equations that determine, simultaneously, both the tensile and 
compressive uniaxial stress-strain behaviour of a bulk adhesive are presented. From this, the ratio of 
the flow stress in compression to tension (S) can be found. Such data are required if a meaningful elasto- 
plastic stress analysis of an adhesive joint is to be carried out. Experimental results for both the tensile 
and compressive stress-strain data are obtained for an epoxy specimen using this technique. The tensile 
data are compared with the results from uniaxial tensile tests on flat dumbell specimens of the same 
material and the good correlation that is found indicates that this is a reliable technique. Values of 
the ratio (S) for this adhesive are calculated as a function of both strain hardening and work harden- 
ing parameters. These results indicate that this technique complements standard test techniques and 
provides an elegant method not only of obtaining the ratio (S) but also of deriving uniaxial stress-strain 
curves. 

KEY WORDS adhesive properties; flexural test; tensile tests; hydrostatic stress sensitive yield criteria; 
rate dependency; reconstitution of data. 

NOTATION 
Symbols: 
6 -mid-span deflection 
D -distance between the anvils 
A -vertical displacement of the anvils 
E -tensile modulus 
E -uniaxial strain 
J -stress invariant 
K -hardening parameter 
L -span between outer anvils 
M -bending momentlunit width 
R -radius of the anvil 
S -ratio of compressive to tensile flow 
u -uniaxial stress 

Subscripts: 
1 -first stress invariant 
2 -second stress invariant 
c -compressive 
d -of defined material behaviour 
e -effective 
E. -strain hardening 
i, i - 1-the current and previous loading increment 
max -maximum value 
p -plastic 
t -tensile 

w -work hardening 
stress u -of undefined material behaviour 

*Presented at The Plastics and Rubber Institute Conference, “Structural Adhesives in Engineering 
111,” at Bristol University, Bristol, England, 30 June-2 July, 1992. 
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210 A. D. CROCOMBE. G. RICHARDSON AND P. A. SMITH 

NOTATION 
Symbols: 
T -tensile force/unit width 
t -section thickness 
W -specimen width 
w -thickness carrying stresses in excess of known values 
y -distance from the neutral axis 

INTRODUCTION 

A necessary step in a successful stress analysis of an adhesive joint is the evaluation 
of the constitutive properties of the adhesive concerned. Where failure in the joint 
is interfacial then it is also necessary to have data characterising the interface. 
However, the present work is concerned only with evaluating the adhesive constitu- 
tive properties. The amount of data that is required depends on the complexity of 
the stress analysis being undertaken. It is generally recognised’ that to carry out a 
meaningful analysis, particularly with a tough or ductile adhesive, elasto-plastic be- 
haviour should be included. When such an analysis is being carried out, in addition 
to the basic linear-elastic properties of the adhesive such as the tensile modulus and 
Poisson’s ratio it is also necessary to have data defining the onset and subsequent 
growth of yielded material. These are usually provided in the form of a non-linear 
stress strain curve that contains a yield point (onset of permanent deformation) and 
post-yield behaviour. This is illustrated schematically in Figure 1. For adhesives, 
such a curve is usually found from a simple test such as a tensile test of the adhesive’ 
or a thick lap shear test3 on a joint. In an analysis of an adhesive joint, the adhesive 
generally experiences a combined state of stress and this can be related to an appro- 
priate point on the stress strain curve by evaluating an “effective” uniaxial tensile 
stress that is equivalent to the combined stress state. For metals this effective stress 
is a function only of the deviatoric stress or the second stress invariant (JZd) (this 
causes a change of shape only) and a common expression for the effective stress 
(a,> is 

U, = (3J2d) ’’’ (1) 
However, for adhesives (as for other polymers) it has been found that the effective 
stress is a function not only of the deviatoric stress but also of the hydrostatic stress 
or the first stress invariant (Jl) (this causes a change in volume). Various formulae 
have been derived for the effective stress as a function of the first and second stress 
invariants, two of which are shown below. The first was adapted from Raghava and 
Cadel14 by Peppiat’ and the second is presented in work by Gali et aL6 

a,=[Jl(S- 1) +(J:(s- 1)’+12J~ds)~’~]/2s (2) 
or 

u,= [Jl(S - 1) + (S + 1) (3J2d)”’]/2S (3) 
Although the forms of these equations are slightly different it can be seen that they 
both include a parameter S. This is defined as the ratio of yield stress and subsequent 
flow stress obtained from uniaxial compression and tension tests, respectively. Thus, 
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CONSTITUTIVE BEHAVIOUR OF ADHESIVES 211 
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FIGURE 1 Schematic representation of the stress-strain curve. 

an additional material parameter has been introduced and needs to be evaluated 
for each adhesive, as well as the complete uniaxial tensile stress curve. In the past 
it has been necessary to carry out tensile tests on carefully manufactured and instru- 
mented specimens of adhesive and also supplementary compressive tests to deter- 
mine these data. 

This paper presents a single test that not only provides the required material in- 
formation but also is considerably simpler to carry out than the tensile test. It also 
achieves higher strains to failure than the tensile test (although these strains are still 
lower than the strains in some adhesive joints). The technique is based on the four- 
point bend specimen. Four-point bend tests have been used in the past7 to evaluate 
material properties such as the tensile modulus and yield point of a material. How- 
ever, to the authors knowledge, it has not been used to reconstitute the complete 
non-linear uniaxial stress-strain curve and has certainly not been used for this pur- 
pose when the tensile and compressive stress-strain curves are different, as is the 
case for polymers where the yielding is affected by the hydrostatic stress. Both ten- 
sile and compressive strain data are measured within the gauge length at increasing 
values of applied moments. By assuming that the strain distribution remains linear 
across the section, equations can be developed that can be used in an incremental 
manner to convert the moment-strain data into both tensile and compressive stress- 
strain curves. Although the resulting curves are not as accurate as the pure uniaxial 
data it will be shown that reasonable correlation exists. 
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212 A. D .  CROCOMBE. G.  RICHARDSON AND P.  A. SMITH 

The next section presents the derivation of the equations that are needed to 
reconstitute the tensile and compressive stress-strain curves from the recorded 
surface strains and the associated moment. This is followed by a description of the 
experimental procedure. Results are then processed and presented for an epoxy 
adhesive. These are compared with data from independent tensile tests and the 
paper concludes with a discussion of the technique and an assessment of the errors 
involved. 

THEORY 

In this section mathematical relationships are developed which enable tensile and 
compressive material behaviour to be obtained from the results of a four-point bend 
test carried out on a strip of cured adhesive that has a rectangular cross section. The 
equations are developed for a rate-insensitive material in which plastic flow occurs 
at a constant volume. At the end o$ the paper the implications of applying this 
technique to typical rate-dependent materials are considered. 

The bending moment (M) and tension (T) at any section can be defined in terms 
of the stress (u), strain (E) and distance (y) from the section’s neutral axis as 

M = J YU(E) dy (4) 

T =  u ( ~ ) d y  ( 5 )  

t 

I 
It should be noted that the tensile load (T) is normally zero and that, in general, 
the tensile and compressive stress-strain curves will not be the same. Thus, by con- 
sidering the tensile and compressive stress-strain behaviour separately, equations 4 
and 5 can be rewritten in terms of integrals over the portions of the thickness that 
are subject to tensile (tt) and compressive (t,) stresses respectively. 

tt tC 

Since the specimen is in bending, the strain (E) at any point across the section 
can be assumed to vary linearly and can be written in terms of the surface strains 
Et and E,. 

Et-E 
t G y  € =  

Experimentally, E, and E, can be obtained as a function of applied moment. To 
obtain at(.) and u,(E) (and thus the tensile and compressive constitutive relations) 
from these data an incremental procedure is used. The rearrangement of equations 
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CONSTITUTIVE BEHAVIOUR OF ADHESIVES 213 

6,7 and 8 into incremental form is outlined in the Appendix and leads to equations 
9 and 10 below. These express the tensile and compressive stresses corresponding 
to the ith moment increment in terms of moments at this and the previous incre- 
ment, the stresses at the previous increment and the thicknesses of the section (wti 
and wci) that are subject to stresses (tensile and compressive, respectively) that are 
greater than those measured in the previous increment 

The values of wti and wci can be found from the known linear strain distribution as 

The values of the surface tensile and compressive stresses that correspond to the 
surface strains measured during a given load increment are determined by using 
equations 9 to 12 above. This process can be repeated for all the increments of 
loading, yielding full tensile and compressive stress-strain data. Using these two 
curves, S can be determined as a function of a hardening parameter K. Two different 
definitions for hardening are assumed, strain and work hardening and the value of 
S corresponding to both can be found. 

For plastic flow governed by strain hardening the hardening parameter can be 
defined in terms of the stresses and elastic tensile modulus (E) as 

K, = E,, = E - a / E  (13) 
For work hardening the parameter can be defined as 

K,= odep I 
this can be written in incremental form as 

By determining K at each E point the stress-strain curves can be converted into stress- 
hardening parameter curves. These curves can be used to find the compressive and 
tensile stresses at a given value of the hardening parameter. Dividing the compres- 
sive stress by the tensile stress gives the ratio S for that value of K i.e. 
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214 A. D.  CROCOMBE, G. RICHARDSON AND P. A. SMITH 

TEST DESCRIPTION 

This section presents the basic test geometry used to implement the incremental 
analysis derived in the last section and describes also how the tests were carried out. 
Figure 2 shows the dimensions of the adhesive specimen and details of the points 
of application of the load. Note that a relatively thick specimen was used. This thick- 
ness is something of a compromise; if it is too small, then the deflection of the speci- 
men becomes excessive and slipping occurs on the anvils while, if it is too large, 
then the applied loads can cause local deformation and produce an unacceptable 
variation of surface stress (which is normally assumed to be constant) over the centre 
section. In this work the ratio of the maximum mid-span displacement to span length 
(8,,,.JL) was less than 0.1 and this did not pose any undue problems with regard to 
slipping round the anvils and corrections for rotation. It is difficult to calculate the 
required thickness to give such a ratio as the maximum surface strains (emax) are 
generally not known. Thus a method of trial and error is probably more appropriate. 
However, by making a number of elementary assumptions about the geometry of 

FIGURE 2 Geometry of the four-point bend test sample. 
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CONSTITUTIVE BEHAVIOUR OF ADHESIVES 215 

the deformed beam an approximate value for the thickness (t) is 

(17) 
11 L t = - L Emax - 
48 &YdX 

From this equation it can be seen that the required thickness increases with the 
maximum surface strain. In practice the thickness can only be increased to a certain 
level as edge effects will affect the stress distribution between the inner anvils. 
Linear finite element analysis has shown that when the thickness is 25% of the total 
span there is about a 3% variation in stress over the centre half of the inner span. 
It is suggested that this thickness-to-span ratio should be taken as an upper limit. A 
value of 25% of the inner span has been cited as a reasonable value elsewhere.’ For 
thicker specimens, however, the value of the applied load will increase and may 
cause permanent damage of the surface. Thus, the recommendation is to use the 
smallest thickness that will give a reasonable value of the deflectiodspan ratio. No 
permanent deformation under the anvils was noted in the specimens used in this 
work. 

A schematic representation of the test set-up is shown in Figure 3. The specimen 
is supported initially on outer anvils that are fixed to the moving crosshead on an 
Instron 6025, a servo electro-mechanical universal testing machine. The load is ap- 
plied to the specimen by driving the crosshead upwards at a given speed, thus bring- 
ing the specimen into contact with the fixed inner anvils. These are located directly 
on the load cell which outputs an instantaneous value of the load. From this load 
the moment applied over the inner section of the strip can be found. For this experi- 
mental work the crosshead speed was held constant at 0.1 mm/min. This produced 

TEST MACHINE 
CONTROLLER 

STRAIN GAUGE 
AMPLIFIERS 

COMPUTER 

FIGURE 3 Schematic diagram of the experimental apparatus. 
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216 A .  D. CROCOMBE, G.  RICHARDSON AND P. A .  SMITH 

a strain rate on the surface of the adhesive that varied between 0.1 and 0.25 %/min. 
The surface strains that are required to implement the incremental analysis derived 
in the last section are measured using strain gauges bonded to the upper and lower 
surfaces of the inner span of the strip. Clearly, to carry out the analysis it is necessary 
to know the surface strains at given levels of applied load. To obtain smooth moment 
and strain curves a reasonable number of data points are required and, thus, a 
decision was made to automate the strain and load measuring procedure. This is 
illustrated schematically in Figure 3 where it can be seen that a voltage output from 
the load cell and from the strain gauge processing instrumentation are fed into a 
Macintosh computer that is running a software programme that was specifically 
written to aid data capture and display. The data captured using this package can 
be displayed on the screen in graphical format or read into a spreadsheet package 
where the incremental analysis was carried out. The spreadsheet was developed to 
implement the incremental analysis and produce tensile and compressive stress- 
strain curves. It should be emphasised that the analysis could be carried out using 
any programming language and the spreadsheet was only used for convenience. 

The specimens themselves were manufactured in bulk form through the use of a 
mould which consisted of a top and bottom plate separated by spacers of the ap- 
propriate thickness and sealed around the perimeter using a flexible tape. Prior to 
assembling the mould the spacing pieces were coated with mould release spray and 
Melinex (polyester) sheets were attached to the top and bottom plates with a very 
thin layer of silicone adhesive. The Melinex gave a smooth surface finish to the 
adhesive strips. The particular adhesive used for the experimental work was a two- 
part cold cure adhesive supplied by Permabond. It was unfilled and was relatively 
inviscid which meant that, after careful mixing and degassing, it could be dispensed 
into the mould using a syringe and wide-bored needle. The filled mould was left at 
30°C for 24 hours and then dissembled and the adhesive specimen removed and 
stored in a dessicator until testing, except while bonding the strain gauges. 

Strain gauging was carried out using TML standard single gauges from Techni 
Measure, UK, bonded with a cyanoacrylate adhesive. They had a 6 mm grid size, 
120 ohm resistance and pre-soldered lead wires. Although there was a potential 
problem with local heating it was found that the strain recorded (using a quarter 
bridge) on an unloaded specimen did not vary with time and this implies that there 
is no significant heating effect (which would affect the resistance of the gauge). A 
terminal tag was bonded onto the specimen, adjacent to the strain gauge, using a 
flexible silicone rubber adhesive. Experience has shown that use of a more rigid 
adhesive means that the tag acts as a stress concentration and promotes premature 
failure in the specimen. Each gauge was connected to the signal processing equip- 
ment using a standard 3-wire lay-out. Use of this layout eliminates the effects of 
resistance changes in the lead wires. The gauges may have a reinforcing effect, 
producing a slightly stiffer specimen. The carrier for the gauge is an epoxy and thus 
it is felt that during the linear regime the reinforcing effects will be minimal. 
However, as the adhesive specimen yields the effect of the gauges will become more 
significant, leading to an overestimate of the stress calculated at a particular strain. 
This is consistent with the comparison between tensile and bending data (Fig. 4) 
which is discussed later. 
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FIGURE 4 Adhesive tensile and compressive stress-strain curves. 

PROCESSING OF RESULTS 

The tests were carried out according to the procedure specified in the previous sec- 
tion and the load and surface strains were recorded. The way in which these data 
were processed is outlined below; in addition, results from one specific test are given 
in Table I to illustrate the procedure. 

The recorded force data (F) was converted into moment loading. At this stage, 
a correction was introduced that accounts for the reduction in the moment arm 

TABLE I 
Analysis of bend test data 

M Et Ec wt w c  ut u c  Kt Kc Kt KC 

(Nmm/mm) (%) (%) (mm) (mm) (MPa) (MPa) (%) (%) "=1:1 (MJ/m3) (MJ/m3) "Ig1 
0.000 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 - 0.00 0.00 - 

99.43 0.57 -0.58 3.02 3.03 16.3 -16.3 0.00 0.00 - 0.00 0.00 - 
165.1 0.95 -0.93 1.21 1.14 26.0 -29.0 0.94 0.92 1.13 0.28 0.30 1.08 
229.4 1.39 -1.32 0.97 0.88 33.8 -37.1 1.37 1.31 1.14 0.44 0.47 1.07 
288.0 1.87 -1.76 0.81 0.73 41.0 -45.9 1.86 1.74 1.14 0.65 0.67 1.09 
339.4 2.48 -2.30 0.77 0.68 43.2 -49.3 2.47 2.28 1.16 0.91 0.94 1.13 
374.3 3.22 -2.93 0.72 0.62 43.6 -51.8 3.20 2.92 1.18 1.23 1.27 1.18 
394.4 4.05 -3.63 0.65 0.55 42.9 -51.5 4.03 3.61 1.21 1.58 1.63 1.20 
403.8 4.93 -4.34 0.58 0.47 41.0 -52.2 4.91 4.32 - 1.76 1.82 - 
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218 A .  D. CROCOMBE, G. RICHARDSON AND P. A.  SMITH 

caused by the rotation of the specimen around the semi-circular anvils. To a 
first approximation, this can be expressed in terms of the crosshead displace- 
ment (A),  the horizontal separation (D) of the two anvils, the radius (R) of the 
anvil and the specimen width and thickness (W and t ,  respectively) as 

The data points are then divided into groups and average moment and strain 
data are obtained for each group. This produces a smoothed set of data for use 
in reconstitution of the stress-strain curves. The data so obtained are shown in 
the first three columns of Table I. Only nine groups were used for brevity in 
this paper. It is necessary to have enough points to define clearly the shape of 
the final stress-strain curve. However, if the data are not averaged then the 
resulting curve oscillates about the curves obtained using averaged data. An 
optimum number of averaged groups has been found to be about 20. It is, 
however, necessary to have a sufficient number of data points in each group to 
enable averaging to be carried out effectively. In this work a total of about 1500 
data points was recorded for each test. 
The widths of the regions that are subject to tensile and compressive stresses 
are then found using equations 11 and 12 and this is shown in columns 4 and 5 
of Table I. 

Equations 9 and 10 are then used to find a solution for the first averaged data 
set. In this first increment all the values for the previous increment are taken as 
zero. This will produce an elastic solution (with different moduli in tension and 
compression if the surface strains are different). Solution of these equations 
gives the surface stresses corresponding to the measured surface strains. This is 
shown in the second row of columns 6 and 7 in Table I. 

Equations 9 and 10 are again solved this time for the next averaged data set. 
This is repeated until the final increment of loading is obtained and the data so 
obtained are shown in the remainder of columns 6 and 7 of Table I. In this 
manner a piecewise linear approximation to the tensile and compressive stress- 
strain curves can be found. These curves for the specimen used in the example 
above are shown in Figure 4. These can be compared with data obtained from 
standard tensile tests. The method of obtaining these data is discussed in the 
next section. 

Having evaluated the tensile and compressive stresses at each increment of 
loading it is then possible to use equations 13 and 15 to evaluate the corre- 
sponding hardening parameters. These are shown in Table I ,  columns 8 and 9 
for strain hardening and columns 11 and 12 for work hardening. Linear interpo- 
lation can then be used to find the compressive and tensile stresses at the same 
hardening parameter and the ratio of these flow stresses (S) can be evaluated. 
This data reduction is shown in column 10 for strain hardening and column 13 
for work hardening. 
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ALL DIMENSIONS IN MlLLlMETRES 
FIGURE 5 The bulk tensile test specimen. 

STANDARD TENSILE TESTING 

The tensile test specimen shown in Figure 5 is derived from BS2782, part 3. These 
are manufactured using a similar procedure to that employed when manufacturing 
the four-point bend specimens and have the same high quality surface finish. This 
is important, as a tensile test is much more prone to premature failure than the bend 
test. The specimens are placed in the wedge grips of the same Instron test machine 
and clip extensometers are attached to the gauge length, having earlier given the 
sections of the specimen that are directly under the extensometer knife edges a pro- 
tective coating of varnish. The test machine is run in closed-loop mode, using the 
output from the extensometer to control the speed of the test machine such that the 
specimen experiences a constant strain rate. 

In this way the stress-strain curve of the adhesive can be found as a function of 
strain rate. This testing forms part of a larger programme of testing which involves 
both creep and relaxation of the adhesive in question. The tests were carried out in 
a carefully controlled environment and, hence, excellent repeatibility was found for 
different specimens tested at the same strain rate. Due to the strain rate sensitivity 
of the adhesive, tests have been carried out at different rates and the two curves 
most relevant to this work have been plotted on Figure 4, along with the tensile and 
compressive curves from the four point bend specimen. 

DISCUSSION 

When comparing tensile curves from the four-point bend and flat tensile tests two 
points, concerning the rate of testing in the former, should be made. The surface 
strain rate is not constant and the strain rate varies through the thickness. The 
former effect is because the bend test has been carried out at a constant crosshead 
speed and the non-linearities in the system (which include rotation of the specimen 
on the anvils, local yielding and a gradual shifting of the neutral axis towards the 
compressive surface) mean that this does not result in a constant strain rate. It 
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220 A. D. CROCOMBE, G. RICHARDSON AND P. A.  SMITH 

should also be noted that the correction for rotation and friction of the specimens 
on the anvils will be quite complex and will tend to introduce tensile forces as well 
as affecting the applied moment. These effects are not fully accounted for in the 
analysis. However, Figure 4 shows that the tensile curve obtained from the bend 
specimen compares very favourably with data obtained from tensile tests at rates 
that straddle the surface strain rates actually obtained from the bend tests. It would 
be possible to control the Instron in a closed loop mode from the surface-mounted 
strain gauges to ensure a constant strain rate and this is likely to improve the accu- 
racy still further. The stiffer response from the bending test could, in part, be attrib- 
utable to the reinforcing effects of the strain gauge. This stiffening effect could 
be either eliminated (through the use of non-contacting extensometers), reduced 
(through the use of more compliant strain gauges) or accounted for in the analysis. 
This aspect is outside the scope of this current paper but can be addressed in future 
work, along with the effect of the strain rate. 

Another important feature about the curves obtained from the bend tests is that 
they give data over a much larger range of strain than the tensile specimens. None 
of the bend specimens actually failed during the tests; the limitation reached was 
the setting on the strain gauge instrumentation which was set arbitrarily to 5% 
strain. By using high extension gauges it should be possible to obtain stress-strain 
data well in excess of this value. This is in contrast to the data from the tensile test, 
where the maximum measured strains for this adhesive were only of the order of 
3.5-4%, even though considerable care was taken during specimen manufacture 
and testing. 

Considering results displayed in Figure 4 further, it can be seen that the form 
of the tensile and compressive stress-strain curves have a similar shape, with the 
compressive curve showing a higher flow stress than the tensile curve. This is as 
expected, the hydrostatic compression suppressing yielding of the adhesive. As is 
typical with such polymers there is no clear point of yield but simply a gradual 
reduction in the slope of the curve. The ratio of compression to tension flow stresses 
can be seen to be fairly constant, Table I, settling to a value of 1.2. This is of the 
same order of magnitude as values obtained for other adhesives, specifically a value 
of 1.46 for a toughened adhesive and a more general value of 1.3.' The value that 
is obtained depends on which points on the tensile and compressive stress-strain 
curves are used to calculate the value of S .  In this work, we consider the ratio to 
be evaluated at points of either equivalent strain hardening or equivalent work 
hardening. The value cited by Gali et d6  has been determined by assuming equal 
secant moduli for tension and compression. If equivalent strain or work hardening 
were used then a lower value would be obtained. 

CONCLUSION 

A well-established materials test technique, the four-point bend test, has been ap- 
plied in a novel way to determine the tensile and compressive stress-strain curves 
and the compressive-to-tensile ratio of flow stresses for a specific adhesive. The 
technique works because, unlike metals, as yielding occurs the strains on the upper 
and lower surfaces of the strip become more and more disparate. This is because 
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yielding is suppressed on the compressive face. The test has been analysed and an 
incremental formula that can be used to reconstitute the two stress-strain curves 
from the moment-strain data has been presented. The actual test has been shown 
to offer a number of advantages over other tests. These include a much simpler 
specimen geometry, the replacement of two separate tests with a single test and an 
ability to generate tensile data over a much wider range than is currently possible 
with the existing tensile tests. 

The results that were obtained from this new test procedure were compared with 
data from tensile tests and from other sources and a good match has been found, 
indicating that practically, as well as theoretically, this test is a worthy alternative 
to the existing tests. It has shown that the ratio that is required to implement a 
modified yield criterion for structural adhesives is essentially constant over the com- 
plete plastic range. This justifies the commonly-accepted procedure of using a 
constant value for this parameter in non-linear stress analyses. 
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Appendix 

This section indicates how incremental equations 9 and 10 are derived. Consider a 
section through the centre part of the four-point bend specimen at loading increment 
i. The stress and strain distributions across this section are shown in Figure 6. The 

0)ci 

FIGURE 6 Stress and strain distributions through the thickness of the bend specimen. 
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section can be divided into two parts; an inner part of depth, td which ends where 
the tensile and compressive strains equal the surface strains recorded in the previous 
loading increment (i.e. region of defined material behaviour) and an outer part 
which constitutes the remainder of the section. The depth of this outer part is wti 
and wci on the tensile and compressive sides, respectively. These depths can be 
found by assuming a linear distribution of strains across the section and appropriate 
expressions are given in equations 11 and 12. 

Now, the total moment, Mi, is the sum of the moment carried by the inner and 
outer parts. It can be shown that if the uniaxial stress is a function of strain only, 
the moment carried by a strip with fixed surface strains is simply proportional to the 
square of the thickness of the strip. Thus, the moment carried by the inner section 
can be expressed in terms of the total moment at the last increment (Mi- 1)  and the 
moment carried by the outer sections of undefined material behaviour (Mu) can be 
written as 

2 

M,=Mi-Mi-l k] 
Similarly, the tension carried by the region of undefined material behaviour (T,) 
can be shown to be 

T,=Ti-Ti-l [?] 
The moments and tension carried by the regions of undefined material behavior can 
also be expressed in terms of the stress integrals similar to equations 6 and 7 but 
integrated only across the region of interest. If, as a first approximation, the unde- 
fined stress-strain behaviour is assumed to be linear, these equations can be inte- 
grated over the outer part of the section, i.e. across cot, and oCi giving the equation 
below (refer to Figure 6 for clarification). 

Combining and rearranging equations A1-A4 yields the following two equations 
expressing the moment and tensile force carried by the specimen in increment i. 

+ uti y [y" - y ]  - uci y [ t - Y" - 4 
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Noting that the tensile force carried by the specimen is zero, the above equa- 
tions can be solved for uti and uci to provide the pair of equations 9 and 10 in the 
main text. 
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